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Nonstationary Random Pulses Representation
of Ground Roughness for Taxiing Aircraft

Robert P. Chen*
The Garrett Corporation, Los Angeles, Calif.

Michael C. Bernardt
Georgia Institute of Technology, Atlanta, Ga.

This paper presents a general method of describing both nonstationary and stationary roughness experienced
by an aircraft taxiing on ground. The generalized roughness spectrum is shown to be in agreement with
previously published results. It also reduces to the similar form of the one-runway-one-speed case presently em-
ployed by the aircraft industry. These procedures, however, assume that the input spectra of either the velocity
components of atmospheric turbulence or the runway roughness are stationary instead of nonstationary as is ac-
tually the case. Recently, studies were made on nonstationary flight vehicle gust response and rotor blade
vibrations. However, since no attempt was made to treat the taxiing problem accordingly, this work was un-

dertaken.

Introduction

HE dynamic response of airplanes to random loading has
been studied by use of power spectral density methods for
some time. Liepmann' and Press and Mazelsky? applied the
methods to buffeting problems and gust loads, respectively,
as early as 1952-53. Fu‘ng3 presented the first example in the
aeronautical field to treat the forcing function as a non-
stationary process. Recently, there have been a number of
papers on nonstationary gust response of flight vehicles,*
rotor blade vibrations, ®> and responses of cantilever beams. ¢
Pioneering works in runway roughness studies by power
spectral methods may be found in the publications of Walls,
etc.,” and Houbolt, etc.® Many studies on the subject have
appeared since the late 1950’s and early 1960’s. Most of
them® have been either purely experimental in nature, '%'! or
have concentrated on the development of roughness criteria or
the quantitative evaluation of roughness spectra from various
sites. Some investigators '>'? have suggested treating the air-
plane taxiing problem as a deterministic process. They have
obtained reliable response results for particular segments of
certain given runways. In order to account for the chance en-
counter of different runways with varying roughnesses, it is
only reasonable to approach the problem in a probabilistic
way, using power spectral techniques developed from random
processes.
An imminent need in the airplane taxiing problem,
therefore, is the development of a methodology that will ac-
_count for the different levels of measured roughnesses in their
existing format: i.e., power spectral densities or profile
elevations together with a rational probability distribution for
the arrival times of taxi events for the airplanes from post
utilization records or prospective requirements. This in-
formation will require the treatment of the roughness inputs
as a piece-wise stationary process with the current stationary
one-runway-one-taxi-speed analysis and any deterministic
roughness approaches included as special cases. More
precisely, the development of such a composite roughness in-
put may be described briefly as a sequence of nonstationary
pulses, with random strength and shape for each constituent
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pulse obtained from the specific runway where the taxi event
took place. It is interesting to find that Lin'*" has published
a series of papers on nonstationary shot noise, the last of
which may be modified to describe exactly the process needed
to specify the composite roughness input.

'Philosophical Background

The methodology of representing a probable set of runway
roughnesses, ranging from well-maintained airports to un-
prepared front-line airstrips as nonstationary random pulses
may be understood by considering the actual aircraft
operations and their omnipresent environmental distur-

~ bances. The philosophy is exemplified by a typical time

history of the wing bending moment of a conventional air-
plane. It is further stipulated that the atmospheric gust
responses contribute to the total fatigue damage of the air-
frame only in a fashion described as G-A-G' (ground-air-
ground) cycles; hence, it is permissible to assume all the time
periods other than ground operations quiescent. (Houbolt ¢
employed the same argument for gust response studies.)

With the removal of the airborne disturbances and the
aerodynamic or velocity sensitive phases of ground opera- .
tions —i. e., atmospheric gust response, landing impact,
high/low speed take-off, and landing roll-out — the response
time history is reduced to a sequence of time-history segments
with the elapsed air times preserved between the neighboring
constant speed taxis and the previously cited disturbances
replaced by undisturbed time segments of corresponding
lengths. The simplicity of the resulting sequential constant
speed taxi response realization is shown in Fig. 1.

The excitation process that generates such a response time
history can be deduced from the same argument. If the
geographical elevations of the runway/taxiway sites and their
long wavelength unevenness from the underlying topological
structures of the subsoils are removed, the roughness profiles
that correspond to the sample response realization of Fig. 2
may be obtained by substituting the segmented response time
histories by the respective roughness measured from their in-
dividual mean profiles. A representative sequence of
roughnesses corresponding to the response time history of
Fig. 1 is shown in Fig. 2. It must be remembered that in con-
verting the runway/taxiway horizontal distances used for each
constituent roughness profile, an arbitrary contracting or ex-
panding scale factor was employed, which is equivalent to the
reciprocal of the particular constant taxi speed of a given
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Fig. 3 Ground roughness time history corresponding to the above
taxi events.

segment. This linear transformation can be expressed as

AT;
Di:“o U(t)dfz V,'AT,' (1)

where V; i1s a random variable within a given range (V;=0),
and D; a random variable denoting the horizontal distance
traveled within a time segment AT; for the constant speed
taxis. ‘

In anticipation of using the random pulse representation,
and in awareness of the complex notation required, it is ad-
vantageous to relax the restriction on the randomness of V;,
although it has been observed to be related inversely to
ground roughness in normal operations. From an engineering
viewpoint, the ranges of V; and D; are fairly limited for
existing airplanes and airports. It is conservative to say that
V; is in the interval (10kts, 100kts) and D; is in the interval
(2,000 ft, 10,000 ft). The most adverse combination of these
values gives the segmented taxi time AT; in the interval (20
sec, 600 sec). Bearing in mind that the service life of the
present generation of airplanes is of the order of 5,000 hr fora
fighter and 50,000 hr for a commercial airliner, and allowing
the shortest service life (5,000 hr) to be the total time of a
given realization, it is found that the longest taxi time (600
sec) per flight is a mere 1/30,000 of the total time. It is
therefore insignificant to consider the contracting or ex-
panding of a particular constant speed taxi segment. It is also
found that the flying time w; for a short-haul flight and an in-
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tercontinental flight are 35 min and 10 hr, respectively. Thus,
the criterion for the spacing of the composite roughness time
history similar to that of Fig. 2 is established as the flight
time. A typical realization experienced by a given aircraft with
the composite roughness of the taxi segments stretched is
illustrated with the range of the spacings, i. e., the flight
times, shown in Fig. 3.

Generation of Roughness Pulses Sequences

The task of obtaining the composite roughness pulses will
be complete once the vast amount of existing power spectral
density (PSD) data on runway/taxiway roughness, together
with the utilization and mission profile of a given aircraft
and/or types of aircraft, are furnished to the airframe
manufacturer for the analysis of the design of a prospective
aircraft. The same information may also be derived from a

_systematic compilation of existing fleet operations by
" monitoring closely the daily utilization of each aircraft within

the fleet of different types of airplanes for an extended ob-
servation period. The procedure will be described fully, using
the schematic diagram of Fig. 4 for an ensemble of airplanes
and/or types of airplanes operating on assorted roughnesses
for a finite time period. Each realization is generated in the
same fashion as that of Fig. 3, with the exception that each
roughness is contracted to a point on the time axis, the
roughness strength is represented by the height of each stroke,
and the superscript denotes a member aircraft in a fleet or a
given type of aircraft in existence which resembles the new air-
craft in operational characteristics.

From the preceding paragraph, it is understood that the
power spectral densities of the roughness of the probable taxi
sites are given a priori. It is further postulated that all the
roughness power spectral densities are expressed in spatial
frequencies, that is, Q=w/V5sx;. Hence, the Wiener-
Khintchine relations for a given runway/taxiway become

‘ | e _
.. (Q) = S SimRu()\)e‘f‘“dx (2a)

R (N) =S:‘I>zz(9)efmd9 (2b)
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Fig. 4 Typical composite roughness with flying time spacing.
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where A is the lag distance and may be expressed as

A=Viaxi'7 3

With V7, equal to a given constant, and 7 being the dummy

variable ror the lag time of the temporal power spectral den-
sity, Egs. (2a) and (2b) can be written as

1 e )
q’zz(w) = ‘2'71'_ g_mRzz(T)eiijdT (4a)
RZZ(T)=S°j $, (w)edw (4b)

A sample roughness spectrum and its autocorrelation func-
tion is shown in Fig. 5.

Most of the roughness autocorrelatlons can be ap-
proximated by

Rzz()\)zagzevﬂ)\‘ >0 (%)

where 3 is a given shaping factor, and o2, is the roughness
variance of the given runway. From Egs. (3) and (5), it is clear
that for a given runway at a given taxi speed o

Rzz()\):agze_B‘M:Uéevaﬁh‘ (6)

At this stage, two quantities will be defined to fulfill the for-
mulation of the composite roughness description of a given
realization. First, let

S0 () =l (T))e —1le-1;! @

where ¢ (T;) is the roughness strength at time 7; from the
ith record, e ~ %'\~ Tjl {5 the pulse shape at time T from the
ith record, and
() =g (DM t<T.<t i=1,2,3 n
vj a; P o= =l 1, ]=1,4,3, ...,
S9 (1) equals the shaped roughness pulse for a time interval

AT;. Secondly, let n equal the arrival rate of taxi events. It
" may be represented by the following integral

Tk
n:SIU(T), toStj<tk5tn+1 (8)
J
where # is the number of taxi events in the time interval
(t,, t¢). It should be noted that ¢, and ¢,,, are chosen
without any loss of generality as the first and last taxi time of
an ensemble (see Fig. 4). If zero roughness strength is per-
mitted for the null event in which no taxi operations have been
encountered, then ¢, and 7, , can take on values of (— o) and
(+ o), respectively.

Sources of Nonstationarity

With the roughness pulse and the arrival rate of taxi events
thus defined, it is clear that a given composite roughness
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Fig. 5 Ensemble of composite roughness records. a) Roughness
power spectral density. b) Roughness autocorrelation function.
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record is a truly nonstationary phenomenon. The non-
stationarity arises from the time-dependent expressions of
Egs. (7) and (8) for the roughness pulse and the arrival rate of
taxi events, respectively.

From the unpredictable nature of w;, the flying time, it is
convenient to assume that the uncorrelated arrival rate of taxi
events n is governed by a nonhomogeneous Poisson
distribution given by Laning and Battin'” as

Pyy(n )= —nir [Sjun(r)dr] "eXp[S/Dn(T)dT]

where { N} =n, the number of arrivals of Eq. (8). The non-
stationarity of the roughness pulse is studied with different
goals of analyses in mind. The approaches used for the in-
dividual categories are delineated in the following sub-
sections.

Design Criteria Development for New Aircraft

The requirement for this analysis pertains to the acquisition
of a representative composite roughness record which may ap-
proximately encompass the totality of all possible taxi site
roughnesses accessible to all types of airplanes whose
operational characteristics are being incorporated in the new
design. The method of assessing such an averaged record is
equivalent to calculating the instantaneous ensemble average
over the finite collection of composite roughnesses of
available types of airplanes. Let {Z (£)}, i=1,2,3,...m
be the composite roughness records of m types of existing air-
craft as shown in Fig. 4. It is now asserted that m is fairly
large such that the mathematical expectatlon of the roughness
pulse may be calculated as

E[S(0)]=lim —m—g Zsp§” (s, t)ds

1
_hm——EE (’)(t)] fOI'l—I 2,.
meco M=y andtost<fn+1 )

where p{” (s, f) is the time-dependent probability density
function for the magnitude of the roughness pulse for aircraft
type i and it has been assumed that the operations of in-
tegration and summation can be interchanged.

Fatigue Life Evaluation for Fleet Operations

The main feature for this analysis is that the ensemble of
composite roughness records is taken from one type of air-
craft and the mathematical expectation can be deduced from
Eq. (9) in the following manner

E15(01= | sos(s, s (10)

where the superscript (/) is dropped from the probability den-
sity function because the type is unique. It is interesting to
note that both of the expected roughness strength functions as
expressed in Eqs. (9) and (10) are still time-dependent and
thus nonstationary.

Determination of Pulse Shapes

Figure 6 shows a typical composite roughness record for the
design criteria development analysis. A typical record for the
fleet fatigue evalution analysis is obtained simply by using the
appropriate averages in place of 3, and 7;. It is understood
from Eq. (9) that to obtain the expected roughness pulse
E[S(t)] at a given time t=T;, the calculation involves an
averaging over the appropriate types. Further, Eq. (7) shows
that the instantaneous magnitude of the roughness pulse at
time ¢, s{¢) is composed of two parts, o, (7;) and e "% "7 ',



914 R.P. CHEN AND M.C. BERNARD

- ¥ ie-1.|
-3 h] j
E[S(Tjﬂ = cZZ(T,)é

Elz(t)]
E[s(r )]

-vItTI . 2203
E[S(Tn)]

/k |

s Tn tn+1 t

Fig. 6 Typical composite roughness record for design criteria
development.

= tl— £ = tt‘:
p(g,,) |p(02z,t1) p(%,,5t) p(0,,st)
| ‘ Equations

|\ \ \ (9) and (14)
(o ) from

i i
thi%“record

||||||||l|||n|l|||l””|lm o

@) 'lp(c?zz,cl) AN lp(5 ooty 0(5,,) from
I Equation (14)

AN "\
Va— t

|||)\|| Hl” lll ”H‘hlnl lh‘l>

Ll I l

|

b, POty been) ey e
1

I l | . t n kilp(czz’tk)

'( ') ¢

0 t

Il e

his record
Fig. 7 Typlcal composite roughness record for design criteria
development. a) Design criteria development. b) Fleet fatigue life
evaluation. ¢) One-aircraft ground loads survey.

p(O’zz) from

o

t

Elz(t)]

Elz2()] o

z{t)

t

The former is the o_, value of the roughness strength of a
given runway for the taxi event at time 7, while the latter is a
taxi speed-sensitive pulse shape, if one recalls that vi=a;8,;/2,
and o; 1is the given 4taxi speed at time T7,.

Hence, the abbreviated probability density function pg (s, t)

may be expressed in full as
ps(s, ) =p(o., v, T;) fort=T; (1

If thls bivariate density function is used in Eq. (10), the ex-
pected roughness at time 7; will be

E[S(T;)] =SS‘:Uzz(7})e_°1’_Tf 'p(o,, 0, Tj)do.do (12a)

Here 02.(T)) =R, (0), where R, O is the area under the
roughness power spectral density of the runway to be tra-
versed at time 7. R,.. (0) is a quantity independent of taxi

speed, as shown by setfing 7=0 in Eq. (3) to obtain A =0 for
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any taxi speed Vryax. Since either o, (7;) or R
speed-independent, Eq. (11) may be written as

2z Tj (0) is

Ps($, 1) =p(0z, v, 1) =p(0z, HP(y, 1)
Equation (12a) now becomes

@

EIS(T)1=| 0 (T)ptow Tdos| ey, T))dy

=0, (T))e 7] (12b)

The univariate density functions appearing in Eq. (12b) may
be obtained by the classical frequency representation for the
probability distribution at time 7, from an ensemble of com-
posite roughness records. A schematic diagram for evaluating
plo,, T;) is shown in Fig. 7. It must be remembered that
o..(T;) and ¥; of Eq. (12b) are merely the expected values
of v..(T;) and v (T;), respectively. Their evaluations may be
obtained, respectively, by the standard averaging procedure,
i.e., by calculating the centroid of Fig. 8, and by using the
moment-generating function'® for the given probability den-
sity function p(y, T;) =p(v;). Assuming p(v;) is a Gaussian
probability density functlon w1th mean ¥; and variance gy,
then it follows that

S e = T; lp(yj)d‘\/j

— oo

1 S “ [ ‘ ( -9 ]
= —~ = T — RELE A S .
\/EWU«, cY - =P T |=1/2 o . al

v

=e-7j11—7'j|

=e T+ Y02 u-1;12
J

the approximation being valid for

of <<jjor lt=T;1’< l1=T;|.
Generation of Nonstationary Composite
Roughness Time History
Let X(f) denote the sequence of random pulses that
generates « the expected composite roughness input,

let 6,.(T;) =6zzj be the time dependent strength of the ran-
dom pulses, and let

goe vjlt=T; lp(,yj)d,yj__e —g b= Tl
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be the deterministic shaping functions. Then the expected
composite roughness input process may be represented in the
form

Nty )

X(8) = E a.e YT (13)
j=1

where N(#) is a general counting process, and & is purely
random in the sense that E[4; .., 1E (5., 1E[p.;, ], and
p(0,.7,)=p(5,;) for j=1,2,3,...,n if p(’azz) is of)tainedin

the folfowing manner:

. Tyl
p(5;;) =lim _— S p(o,,t)dt 14)
;1-81“” AT Rl PR

1 n
~lm — Ep(ézz’Tj)
n—oo n =y

It must be remembered that X (), the expected composite
roughness input process, is defined in the interval (¢,, ¢,.;)
and may be represented by a single time history, such as Fig. 6
or the corresponding plot for the fleet fatigue evalution
analysis. The latter was used in deriving Eq. (13). The ex-
tension to X (f) =E[S(f)] is immediately obvious if one
remembers the relation between E[S? ()} and E[S(¢)] as,
expressed by the last equality in Eq. (9). Thus, the preliminary
quantities are totally defined within the framework of
available roughness data in power spectral density form and
existing aircraft operational procedures with no sacrifice in
mathematical rigor.

Selection of Arrival Rate and Strength Distribution

A heuristic approach toward the understanding of the time
averaging process on the time-dependent density functions as
shown in Eq. (14) will prove that, for certain fleet operations,
the time-independent strength density function analysis is

more advantageous to use than the stringent time-dependent -

strength density functions analysis. Figure 7 illustrates the
criteria for the choice of the most suitable combinations of
arrival rate and strength distribution.

Case (a) is representative of the single record composite
roughnesses for design criteria analysis. As a result of the
two-time averaging [see Egs. (9) and (10)], it is natural that

the roughness strength be somewhat stabilized and the in--

dividual time-dependent strength density functions be close to
that obtained from Eq. (14). The arrival rate will be more
irregular because many aircraft of different types were in-
volved. It is therefore reasonable to assume that an ergodic
(stationary) strength distribution and nonhomogeneous
Poisson arrival rate will suffice.

Case (b) is best demonstrated by the single record com-
posite roughness for fatigue life evaluation based on fleet
operations. The averaging is done over an ensemble of one
type; hence, the different levels of the roughness strength are
inherently present and sensitive to time in that the time-
independent strength density function as derived from Eq.
(14) will not be a representative strength density function at
any given time. Due to the large number of aircraft in the en-
semble, the arrival rates are quite irregular. Thus, the realistic
choice of strength distribution and arrival rate will be non-
stationary and nonhomogeneous Poisson, respectively.

Case (c) exemplifies the single time history of a given air-
* craft that performs prototype flight testing or a commercial
airliner that flies scheduled revenue flights on predetermined
routes. It is understood that such airplanes do have some
built-in periodicity in the taxi sites and flying time. The levels
of the roughness strength are selected, if not deterministic,
and the arrival rates are correlated. A logical choice for the
strength distribution and arrival rate for this case will be non-
stationary and correlated.
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Power Spectral Densities of a Composite
Roughness Record

The generalized power spectral density is defined as

1 bl e )
Pyx(wy, wy)= § S ne (£, 1) e /11 =221 4t dt,
[

(21r)2 —wJ -

(15a)

(see Bendat, et al., ') or

N 1 oo oo X
Sxx(wy, wy) = 2n)? S S_mex(tl’ t)eltertime22) g dt,

— o

(15b)

(see Roberts?®) by different authors; and Egs. (15a) and
(15b) only differ in a sign reversal, and in the quantities (the
covariance and the autocorrelation functions, respectively) to
be transformed. n,, (#,, t,) =R, (#,,¢,), if the means a,(¢;)
and «, (¢,) vanish. .

The generalized power spectral density for a composite
roughness record X (f) as shown in Eq. (13) may be obtained
by using either Eq. (15a) or (15b) with the following mean and
covariance function ' :

Nty )
Y, G =Tpo(rw;(1-7)g (r)dr
j=1

n+1

win={’

Nltpyp)

= Y THwt=T)e(T) (16a)

=1

Nlpyp)

Y, 8(r=T)a2(ryw;(t,—7)
=1

l'\n+l
"xx(t]:tz) = {‘

o

(4 ) N(’n+l)

XW/(IZ"T)gl(T)dT-*_S 6(71“Tj)

o Jok=1

XO6(13=Ty)G..(7))0(T2) W (t; —7;) Wy (£, —7))

Nlpp)

X g:(7,, 72)drdTy = E

=1

2 ATHw;(t;—T))

Nltpy )

w;(f,—T;) (g, (T)] Z

k=1

6zz(Tj)6zz(Tk)

wilt; =T wi (1, =T ) [82(T;, Ty) ] (16b)

wherew; (t—T;) =e % |t—T;land g,(r;, ;) and g, (7,,7,)
are the first and second cumulant functions, '* given in terms
of the first two density functions by the relations g, (¢) =f,
(1), g82(1;, 1) =f>(t;, t;) =f1 (£;)f;(t;). Substituting Eq,
(16b) into Eq. (15a), the generalized power spectral density
for a composite roughness record may be expressed as

C Pyx(wy, w;)

Nltpyp)

= Y L AT (g(T) +8: (T T 1W, (w;) W) (w,)

j=
(

—~

Nltyyp)
+ 52 AT)) 52 (Ti) [82(T, Te) IWj(w)) Wi(w;)

jRrk=1

In

+

=

(17a)
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where the asterisk denotes the complex conjugate. The or-

dinary power spectral density is given by

Sxx(w)=Pyx(ww)

Nlpyq)
= Y A(T)(g(T) +8:(T) T W, (w) 12
j=1
Nlpgp) :
+ Y 6.(T)a.(Ty) (82T, TmW(w)Wk(w)
k=1 (17b)

where W;(w;) and W, (w;), i=1, 2 are the Fourier Trans-
forms of the pulse shapes and are given by

1 *© )
Wi(w;) = o S‘;Wk(ti_Tk)eAjwi(”.—Tk)d(ti—Tk)

Using Eq. (15b) in place of Eq. (15a), the following expression
is obtained:

Sxx(wy, wy)

Nltgs)

- X

F2(T) & (T +8:(T;, T)) W, (w;) W, (w5)

+18 (T Wilw;)]178(w;)

Nlpgep)

+ ), 6. (T)o(To) (e (T g (T)
jEk=1
+g:(7T;, Tk)]W;'(C_O/) Wiws) (18a)

and the ordinary power spectral density is given by

Sxyx(w)

Nty )

+ g (T) Wiw)178(w) )
N([n+1)

L)) 6::(T;)0.: (T} [8,(T;) g, (Ty)

k=]

=Sxx(w, w)

02 (T) {18 (T)) +8:(T; TH1IW, () 2

+8:(T;, TR) 1 W (o) Wi (w) (18b)

Equations (17a-18b) show that a roughness input spectrum
approach employing a narrow-band stationary Gaussian
process yields an acceptable load exceedance curve expressed

22
as

" . n

17 t
M(y) =), TJNO,exp[—yZ/(Zoij—t’—ﬂ, Y y=tr
T T

Jj=1

where the ¢,,’s are obtained from one runway with n discrete
taxi speed segments at f; sec per segment, or given by
Firebaugh?® as

4 .
N() = Y 2N,TP,e~0R) 0)
n=1

where R —ay/a,, , wWith o,,’s equal t0 0.2 in., 0.28 i in., 0.41
in., and 0 57 in. forP s of 0. 50, 0.32, 0.15, andO 03, respec-
tlvely Equation (20) employs four types of roughnesses ob-
tained empirically from 64 runways and 115 roughness power
spectra. (Some of the runways are surveyed along the center
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line as well as lines parallel to the center line.) The reason
behind this inadvertent agreement -is that the term
[g,(T)+gz( T;)] in the single summation of Eqgs.
(17a- 18b) is usually much larger than the terms [g, (T, Ty) ]
or [g,(T;)-g,(Ty) +g:(T;, Ty)] in the double summation
of the respective equatlons if the T;’s and T,’s are not
strongly correlated. This statement may be verified easily by
assuming the arrival times are Poisson (see Eqs. (23a) and
(23b). Then

[g:(T;) +g.(
[2:AT), T)1=0

[g1(T)g, (Ty) +g:(

Tj: T;)1 =g1(Tj) =)\(Tj)

T, T 1=NT)HN(T,)

It is seen that N(T,)A(T,)<<N(T;), for AN(T,) and
MT;) < <1 so that the double summation is negligible if the
arrival times are uncorrelated or 7; and T are far apart. This
indicates that approximations of the type expressed by Eqgs.
(19) and (20) are only valid for operations with mutually in-
dependent taxi events and the expressions from Egs.
(17a-18b) are the exact solutions with the interactions be-
tween different roughnesses included.

Comparison of the Generalized Results

Standard One-Runway, One-Constant-Speed Case
In view of the complexity of the mean and covariance func-
tions as given by Egs. (16a) and (16b), it is interesting to con-
sider the limiting case where only one runway roughness is
present. For this situation Eq. (13) reduces to
X(1)=6.,w,(1=T)) @n
The analogous mean and covariance functions are obtained

from Egs. (16a) and (16b), respectively, by the following
development:

0=\ "o w28 (6 =T dr

o

C=oxx(T))w, (t=T,)g,(T)) (22a)

ln 1
nxx (£7:12) =S, G ()W (L —1)w, (1, —7)g; (1)8(7=T,dr

2]

ln+1
:S[ ’ SéXX(Tﬂ&XX(TZ)WI(t1_Tl)W1(t2"Tz)g2(7'1, 72)

8(r;—T,)0(r,—T,)dr,dr,}

=05x(T)yw (t;—T)yw, (1, —T;)[g,(T)) +8:(T;, T))]

(22b)

Because there is only one arrival at 7, the counting process
can be considered Poisson; hence

g (T =f(T;)=NT;)=1 (232)
& (T, T;)=f(T,, TI)_fi(Tl)zfi(Tl)_fi(Tl)zo
(23b)

{The substitution of wz(rﬁ T3)=w, (13—7 5)  was used.
Since w; (f;—7;)= e V7Tl = g=812Ty =71 - and W,
(t,—7,) =e 12272 = —e2b 2=yl =w, (t2—72) still  spec-
ify two different shaping functions, no inconsistency with Eq. (16b)
has occurred. It is physically impossible to have a w,(f,—71;)

e~ 2P21212=72! a5 B, is the shaping factor of a single given run-
way (see Eq. (5).
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Using Eqs. (23a) and (23b) in Eqgs. (22a) and (22b), the mean
and covariance functions of X (¢) are found to be

ny (1) =axx (T))w,(t—=T)) (24a)
nxx (1), 8) =05 (T w, (6, =T))w, (t,~T)) (24b)

From the shape of the shaping function, w,;(f;—
T,)y=e v "171l i=12, it is apparent that Eq. (24b) is
only meaningful when Iz, —¢; | is small or ¢, is close to T;;
otherwise, w; (¢, —T,) will approach zero and nyx(¢;, ¢;)
will vanish. To anticipate the fact that the autocorrelation
function of X () will resemble that of the standard one run-
way, one-constant taxi speed approach of Eqs. (4a) and (4b),
itis necessary to show that ny (£) =6 xx (T, ) w, (t—T;) =0.
This condition is readily satisfied for |#— T, | > >0. With the
mean of X(t) =0 established almost everywhere, remem-
bering lz, —¢; 1—e—0, the autocorrelation function of X (¢)
is

im Ryx(f;, t;) = im Kxx(f), t;)
fz—fl 12—'11

=t1mt1 o3x (T W, (6, =T) W, (t;,—T))
2=

={oxx(T)W,(t;-T;)}?

=0k (T;)e Pl =T1! (25)

The last equality in Eq. (25) is exactly the same as Eq. (6), if
one recognizes that If; — 7T, | = |7 1. The subscript *‘1”” merely
indicates one runway (8=4,), one speed (¢=«;), and one
commencing time 7. )

The mean and covariance functions given by Eqs. (24a) and
(24b) compare well with several published results. With ob-
vious substitutions they agree with Lin’s'’ results for a
sequence of mutually independent, identically distributed
strength pulses with either a nonhomogeneous Poisson arrival
rate or correlated arrival times. They are the same as those
given by Roberts?* for the nonstationary Poisson distributed
random pulses. Again with obvious substitutions they are the
same as the corresponding equations given by Srinivasan, et
al,® for a sequence of random pulses with nonstationary
strength and correlated arrival rate.

Generalized and Ordinary Output
Power Spectral Densities

If the frequency response functions for the aircraft re-
sponses in question are furnished, their output power spectral
densities may be calculated from the relations

Pyy(wy, w) =Pyy(w;, W) H(w;)H* (w;) (262)
Dyy(w) =Qxx(w) [H(w) 12 (26b)

Syx(w;, w,) or Syyx(w) may be used in lieu of ® yx(w;, w;)
or ®yy(w) in Egs. (26a) and (26b). However, for most
response quantities, H(0)H*(0) and |H(0)|? are always zero
and the evaluation of ®,,(0) or ® (0, 0) is not warranted.
Nevertheless, the Syy (w;, w,) and Syy (w)will furnish com-
paratively more accurate response data for the outputs that
are sensitive to very low frequencies (e.g., rigid body motions
excited by long wavelength unevenness) and the selections of
®,x(w,;, w;) and ® vy (w) may inadvertently introduce some
unconservatism into the analysis. It is therefore advisable to
calculate both ¢y (w;, w,) and ®yy(w) and Syy(w;, wy)
and Syy(w) .

Conclusions

Same salient features that have not been revealed in the past
are brought out through this general approach with con-
siderably fewer restrictions. The main result for the composite
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roughness input spectrum is given by Egs. (17a-18b). Also it
is worth noting that the composite roughness spectra as
represented by Eqs. (17a-18b) are the only exisiting analytical
forms describing runway roughnesses by the variances
(6xx’s) of the constituent runways® as well as the only
existing roughness representation including the interactions
between runways (or bumps, etc.). Recalling that w; (1—T;) is
a given shaping function, then the procedure can éasily be
adapted to formulate the roughness of a deterministic run-
way, since it is always possible to match the profile by both
bumps and dips of a known form, for example,
sin[w(t~T;)/a;1, 1—cos[x(t—1T;)/a;], etc., with known
strength A at each uneven locality. The assessment of arrival
times for the bumps and dips is inconsequential, since they are
derived a priori from the known record in the form of time
history X (#) or a roughness profile, X (x) =f(v?).

Finally, quantities appearing in Egs. (17b) and (18b) are all
available from the existing roughness power spectral densities
or the given record. The method requires no additional profile
measuring or data collecting on the roughnesses, although
there might be some slight reprocessing of the power spectral
densities in the event that the autocorrelation functions of the
constituent roughnesses are not furnished together with the

- power spectral densities..
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